The crossover from the semiclassical transport to quantum Hall effect is studied by examining a two-dimensional electron system in an AlGaAs/GaAs heterostructure. By probing the magneto-oscillations, it is shown that the semiclassical Shubnikov-de Haas (SdH) formulation can be valid even when the minima of the longitudinal resistivity approach zero. The extension of the applicable range of the SdH theory could be due to the damping effects resulting from disorder and temperature. Moreover, we observed plateauplateau transition like behavior with such an extension. From our study, it is important to include the positive magnetoresistance to refine the SdH theory.
of quantum Hall states characterized by quantized Hall plateaus and zero longitudinal resistivity. The magnetic-field-induced phase transitions in the IQHE provide good examples of continuous quantum phase transitions [10, 11] . Universal properties based on the scaling theory and the modular symmetry have been investigated in the phase transitions in the IQHE [12] [13] [14] [15] . While the universalities can be broken because of some unexpected factors, it has been shown that features of the scaling theory and modular symmetry can still be found after suitable analysis [16] .
It should be noted that the quantum localization effects are also important even as B approaches zero in the standard theory of the IQHE [7] . The low-field insulator induced by such effects has been observed in 2DESs with large disorder [17, 18, 19] . For a typical 2DES, in reality, the localization length becomes much larger than the realistic sample size with decreasing B [7, 17] . In this way the semiclassical SdH theory, in which the localization effects are ignored, remains valid at low B for most 2DESs while quantum localization effects are still important to the appearance of the IQHE at high B [1] . Therefore, as the magnetic field B is increased, the crossovers from classical (semiclassical) transport to IQHE are expected in the low-field Landau quantization for a wide range of disorder.
Although successful theories have been developed to understand the magneto-transport properties of 2DESs, there still exist many unresolved questions and ambiguities. At high B, an experimental study inconsistent with the scaling theory has been reported [20] . On the other hand, at low B there are also debates on the validity of the Lifshitz-Kosevich formula, originally derived for the three-dimensional Fermi liquid, to be applied in the 2D SdH theory [4, 5, 21] . It has been suggested theoretically in Ref. 4 that the damping due to disorder and temperature is important to transfer such a formula to 2D cases. Besides, while band parameter like effective mass derived from magneto-oscillations is conventionally taken as a constant, the field dependence has been studied by several groups [22] [23] [24] . Our group has also reported the enhancement of the effective mass of a 2D GaN electron system with increasing B.
[22] Therefore more experimental investigations are necessary to probe the SdH theory. To further understand the exact behavior in the crossover from semiclassical to IQHE regime, we look into the quantum magneto-oscillations and low-field IQHE in a 2DES in an AlGaAs/GaAs heterostructure. The effective mass m * is a well-established constant in a 2D GaAs electron system when carrier concentration lies within the typical range. Therefore, we can probe the applicable range of SdH formulation in such a system by examining the value of m * while for some other materials it is suitable to investigate the meaning of band parameters by using this formulation. We show that such a semiclassical formulation can be valid even when the minima of the longitudinal resistivity approach zero.
In addition, the positive magnetoresistance should be taken into account to refine the SdH formulation.
The sample used for our study is an AlGaAs/GaAs heterostructure, in which a 2DES resides in the GaAs side of the heterojunction. The 2D channel was followed by a 15 nm Tesla superconducting magnet and a He 4 refrigerator. Figure 1 shows the four-terminal longitudinal and Hall magnetoresistivity ρ xx and ρ xy at temperature T = 4.2 K. When a small perpendicular magnetic field is applied, the 2DES is governed by the classical transport theory, so we observe ρ xx ∼ constant and ρ xy = B/ne. Here n is the carrier concentration and e is the electronic charge. With gradually increasing magnetic fields, the 2DES enters the semiclassical regime. A set of magneto-oscillations, commonly known as Shubnikov-de Haas oscillations whose periodicity is determined by the 2D carrier density, can be observed. The 2D carrier concentration can be obtained from the low-field oscillations to be 3.
The classical mobility µ c is estimated to be 5.3 × 10 5 cm 2 /V -s. from ρ xx (B = 0) = 1/neµ c .
As shown in Fig. 1 , at higher magnetic fields, in which the 2DES is in the strong localization regime, we can observe well-developed quantum Hall states with ρ xx → 0 and ρ xy = h/νe 2 and of filling factors down to ν = 2.
The low-field oscillation amplitude ∆ρ xx at finite temperatures obtained from semiclassical SdH theory is given by [2] ∆ρ xx (B,
where ρ 0 is a constant, µ q is the quantum mobility, the temperature factor χ/sinhχ, χ = 2π 2 k B T /heB,h is the reduced Planck constant, k B is the Boltzmann constant, and m * is the electron effective mass. This equation is expected to hold true for small magneto-oscillations before well-developed quantum Hall states and zero longitudinal resistivity appear with increasing B. In addition, the constant ρ 0 is expected to be the zero-field longitudinal resistivity ρ xx (B = 0) although there are reports on the deviations [2] .
The detailed temperature dependence of low-field magneto-oscillations in ρ xx is shown in Fig. 2 . With increasing temperature, the amplitude of the oscillations is damped. At relatively high temperatures where χ > 1, Eq. (1) can be further simplified to yield:
where C 1 is a constant. This equation provides a powerful way to obtain the carrier effective mass in magnetotransport measurements according to the semiclassical SdH theory.
As ν < 9, as shown in the inset of Fig. 2 , the spin-splitting is resolved and the enhancement of exchange spin gaps should be considered [25] . To focus on the range of the semiclassical transport theory, we have analyzed the oscillating amplitudes of filling factors from 29 to 9, where the spin enhancement effect can be ignored. Figure 3 (a) shows the fitting for the effective mass using Eq. (2) for two filling factors, 29 and 9, which correspond to the boundary of the analyzed filling-factor region. At ν = 29, where the oscillation amplitude is reasonably small to follow the SdH theory, an effective mass value of 0.069m 0 is found, which is in good agreement with the expected value 0.067m 0 . When the filling factor lowers as a consequence of increasing the magnetic field, the minima of ρ xx approach zero as T decreases for ν < 14, where quantized plateaus can be observed in ρ xy . Therefore for ν < 14 the theory for IQHE should be considered since it is expected to go beyond the scope of SdH formulation. However, we can see in Fig. 3 (a) that Eq. (2) is still valid at ν = 9
with m * = 0.0693m 0 , which is close to 0.067m 0 . To see whether it is just a coincidence, From Eq. (1), we have
where C 2 is a constant. The inset of Fig. 4 shows the plot of ln[∆ρ xx /ρ xx (B = 0)D(m * , T )]
vs. 1/B, obtained with the averaged effective mass value. We obtain a quantum mobility µ q ∼ 5.38 × 10 4 cm 2 /V -s from the slope of the graph and the constant C 2 equals 1.55, which is close to the expected value ln4.
To further examine the SdH theory, we proceed to rearrange Eq. (1) as
In this form, the relation can be easily checked by plotting [∆ρ xx /4ρ 0 exp(−π/µ q B)] with respect to T /B, as shown in Fig. 4 . If Eq. (1) is a valid description, according to Eq. (4), the amplitudes taken with different T /B should collapse on the solid line given by calculated D(m * , T ) with the obtained parameters. It is found that the entire data points coincide with the theoretical predictions. Even for 8 < ν < 14, in which minima of ρ xx approach zero with decreasing T , as shown by solid symbols, the temperature factor is still followed well. The agreement with Eq. (4) throughout the region investigated indicates that the semiclassical SdH formula remains a good description in the low-field IQHE in our study.
In the conventional SdH theory, Eq. (1) is derived for low-field situations where the oscillations of the density of states ∆g are much smaller than the zero-field density of states [6] . As the minima of ρ xx approach zero, ∆g is no longer small and the quantum diffusion model is considered for high-mobility samples at low temperatures where Eq. (1) is invalid [6, 26] . However, the applicable range of semiclassical SdH theory could expand under the damping effects due to temperature and disorder [4] . It is shown that such effects play important roles in transferring three-dimensional Lifshitz-Kosevich formula to the 2D SdH theory [4] . In fact, different mechanisms are responsible under different types of disorder [27] .
We note that the mobility of our sample is lower than that in Ref. 26 , and the experiments are performed at high temperatures where χ > 1. Our study reveals the extension of semiclassical SdH theory to the IQHE under strong damping effects.
In the conventional SdH theory, we have
as higher order terms are ignored. Because ρ xx ≥ 0, the violation of SdH formula can be expected when the oscillation term ∆ρ xx > ρ xx (B = 0). However, in our study, Eq. (1) holds true even when ∆ρ xx becomes larger than ρ xx (B = 0) with decreasing T as ν < 16.
At T = 1.9 K, as indicated by the dashed line in the inset of To further study the crossover from the semiclassical transport regime to IQHE, we also investigate the behaviors of ρ xy when the semiclassical SdH formula Eq. (1) is valid. Figure 5 shows the temperature dependence of ρ xy at B ∼ 1 Tesla, near which the positive magneto-resistance is important to the extension of SdH formula for ∆ρ xx as mentioned above. In addition to Hall plateaus, there is a temperature-independent point at B = 1.022
Tesla between the plateaus of the high filling factor ν = 14 and 12. Similar temperatureindependent points exist between the plateaus ν = 12 and 10, and ν = 10 and 8 as well.
Temperature-independent points are expected in both ρ xx and ρ xy at critical magnetic fields of plateau transitions under high-field quantum localization, which is important to the standard theories for IQHE [7, 31] . In our study, however, such points appear only in ρ xy . It has been reported that quantum localization leading to IQHE is more robust in ρ xy than in ρ xx [1] . By inverting the corresponding conductivities, [13, 32] the horizontal dash line in Fig. 5 indicates the expected T -independent position, which deviates a little from the experimental one. We note that the deviation may exist even under the high-field localization [7, 13] .
Alternatively, the features of IQHE in ρ xy can be explained by fixing the chemical potential without considering quantum localization [33, 34] . Therefore more studies are necessary to clarify the origins of T -independent points between adjacent Hall plateaus when ∆ρ xx follows SdH formula.
In conclusion, we report magnetotransport measurement on the 2DES in an AlGaAs/GaAs heterostructure to study the crossover from semiclassical transport to strong localization. Both the longitudinal and Hall resistivities are investigated in such a crossover.
While fixed points appear in ρ xy with increasing B, we found that semiclassical SdH formula is still valid for the magneto-oscillations in ρ xx . Such a formula, in fact, survives even when the minima of ρ xx approach zero at low temperature. 
